ECON 897 Test (Week 3)
July 29, 2016

Important: This is a closed-book test. No books or lecture notes are permitted. You have
120 minutes to complete the test. Answer all questions. You can use all the results covered in
class, but please make sure the conditions are satisfied. Write your name on each blue book and

label each question clearly. Write legibly. Good luck!

1. (10 points) State whether the following function is twice continuously differentiable, or not:

x2, ifx>0
flx) =

—22, ifz <0

Proof. It is not. For x > 0, f'(z) = 2z, while for z < 0, f’(z) = —2z. This means that
f'(x) = 2|z|, which is not differentiable. Therefore, the second derivative of f does not exist
at © = 0. U

2. (10 points) Does there exist a differentiable function f : R — R such that f/(0) = 0 and
f'(x) > 1 for all 2 # 07 If it does, show an example. If not, prove it.

Proof. There does not exist. Assume it does. Let x # 0. By MV'T:
L{;(O) = f'(¢)>1, (€ (0,z). Taking limits,
11(0) = lim, 0 M > 1 which is a contradiction. O

3. (30 points)

(a) Prove that if lim,_,~ f(z) and lim,_,o, f’'(z) exist and are finite, then lim,_,~ f'(x) = 0.

Proof. Assume limg .o f'(z) = ¢ > 0. Let € = ¢/2. There exists R, such that
|f'(z) — ¢| < €,Vx > R. This means that f'(x) > c—¢, Vo > R.



Let xg,z such that R < x¢p < x. By MVT:

f(@) = f(zo) = f/(0)(x — x0), 0 € (0,7)

f(@) = f(xo) + f/(0)(x — x0) > f(wo) + (¢ — €)(x — w0) = §(x — w0) + f(x0)

Since ¢ # 0, f(z) — oo as © — oo, which contradicts the fact that lim,_, f(x) exits

and is finite.

O]

Prove that if lim,_,o f(z) and lim, . f”(x) exist, then lim, o f”(z) = 0.

Proof. Assume lim,_,, f”(z) = ¢ > 0. By the same argument as above, there exists Ry

such that Va, zg > Ry

f'(@) > §(z = x0) + f'(20)

This means that for some R; sufficiently large, f'(z) > 0,Vz > Rj.

max{ Ry, R1}. Using again the MVT,

f(z1) — f(zo) = f/(0)(x1 — ), 0> xo > max{Ry, Ry}

f(x1) = f(zo) + f(0)(z1 — x0), Va1 >max{Ry, R}

This contradicts that lim,_,~ f(x) exits and is finite.

Let xg, 21 >



4. (15 points) State whether the following are linear subspaces, and prove your answer:

(a) Let W, = {f(x) € P(F)|f(z) = 0 or f(x) has degree exactly equal to n > 1}. Is W, a
subspace of P(F'), where P(F) is the space of polynomials?

Proof. Tt is not a subspace:

Take two polynomials of degree n with the same leading coefficient and subtract them.
The resulting polynomial has degree n — 1, so W, is not closed under addition. For

example, take:

2" 4 ap12" V4 ax+ag € Wy,
24 by " b+ by W,

Subtracting them, it is clear that

(an-1 —bp_1)z" L 4. ..+ (ay — b))z + (ag — by) & W,

(b) Let A = {(a1,az,a3) € R%a; = az + 2}. Is A a subspace of R3?

Proof. 1t is not a subspace:

It is not closed under addition. Take (3,0,1) € A and (5,0,3) € A. Clearly, (3,0,1) +
(5,0,3) = (8,0,4) ¢ A.
L]

5. (15 points) Consider P, the space of polynomials of degree 2. Let a,b,c € R, and define:

_ (z—a)(z—b) o) = a ) = &
h) = T ) = G

(a) Define what a basis of a subspace is.

(b) Prove that F = {fi(x), fa(z), f3(x)} is a basis for Ps.
Proof. First, lets prove that fi(x), fo(x), f3(x) are linearly independent. Assume:

a1 fi(z) + az fo(w) + asfs(z) =0, z€R



Evaluate the above polynomial at z = a:
a1 fi(a) + asfa(a) +asfs(a) =a;-0+az-0+az-1=a3=0, xR

Similarly, evaluating the polynomial at b and ¢, we get that a; = as = 0. Thus, they
are linearly independent. Given that fi(x), fa(x), f3(x) are three linearly independent
vectors on a space of dimension three, they generate the whole space, so they are a
basis. 0

(c) Let f € P, and write f as a linear combination of fi(z), fa(x), f3(z):

f(x) = a1 fi(z) + az fo(x) + a3 f3(x)

What are the values of aj,as and a3? That is, what are the “coordinates” of f with

respect to F?

Proof. Note again that:
fla) = a1 fi(a) + azfa(a) +asfs(a) =ar-0+az-04az-1=as
F(b) = a1f1(b) + azf2(b) + asfs(b) = ar-0+az-1+as 0=ay

fle) = a1fi(c) +aafa(c) +asfs(c) =ar-1+az-0+a3-0=a;

That is, a1 = f(c),as = f(b),a3 = f(a).

6. (20 points) Let U and W be subspaces of a vector space V. Define:
U4+W={u+w | velUweW}

Show that:
dim(U) + dim(W) = dim(U + W) + dim(U N W)

(Hint: use the Basis Extension Theorem).
Proof. Let {v1,...,v;} be a basis for U N W. By the Basis Extension Theorem, extend this

to a basis {v1,..., vk, u1,..., Uy} of U, and to a basis {vi,...,vg, wi,...,w,} of W. Then,
dim(UNW) =k, dim(U) =k +m and dim(W) = k + n.



Lets show that {v1,...,vg,u1,..., Uy, w,...,wy} is a basis for U + W. Clearly, U =

span{vi, ..., Vg, UL, ..., Uyt and W = spanf{uvy, ..., vg, wi,...,wy}. It is easy to show that:
U+W = span{vi,..., 0k, Ul,...,Upn} + span{vi,..., vk, wi,. .., Wy} (1)
= span{vi, ..., Vg, UL, ..., Up, W, ..., Wy} (2)
Lets show v1, ..., Uk, U1, ..., Unp, W1, ..., w, are linearly independent. Assume:

a1v1 + ...+ apvg + biuy + ..o+ bty + crwy + ..+ cuwy, =0

Note that:
av1 + ... +apvp +biug + ... Fbpuy, €U
aquwy+...+cyw, €W
Since:
a1v1 + ...+ apvg + biur + .o 4 by, = —(crwi + ...+ cuwy)
So,
aivy + ...t apvp +bur + ...+ bpu, eUNW
aqwi+...+cpw, eUNW
By the enlargements of the basis {vi,...,v;}, we know that w; ¢ span{vi,..., vy}, so:

auwi+...+cuu, eUNW <~ ¢=0, Vie{l,...,n}
Given that U N W is a subspace:
av1 + ...+ apvp +biug + ...+ bpu,, ceUNW <—  biug+...+bpuy e UNW

By the same argument as above, b; = 0 for all 7 € {1,...,m}. Since vy,...,v; are linearly

independent, a; = 0. This completes the proof. O



